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Abstract

We make explicit the geometric content of Mel’nikov’s method for detecting heteroclinic points between
transversally hyperbolic periodic orbits. After developing the general theory of intersections for pairs of
families of Lagrangian submanifolds N; gi, with /\/(;r = J\/'(; and constrained to live in an auxiliary family
of submanifolds, we explain how the heteroclinic orbits of a given Hamiltonian system are detected by
the zeros of the Mel’nikov 1-form. This 1-form admits an integral expression which is non-convergent in
general. We discuss different solutions to this convergence problem.
© 2005 Elsevier B.V. All rights reserved.

0. Introduction

In his article [11], Mel’nikov introduced a method for studying time-periodic perturbations
H, (x,&,t) = Hy (x,&)+¢eH (x, &, t) of 2-dimensional time-independent Hamiltonian systems.
The author considers the case where Hy has a hyperbolic fixed point mo € R? such that (one
“half” of) its stable manifold coincides with (one “half” of) its unstable manifold, as depicted in
the picture below.

Let us denote this manifold by Aj. For studying the time-dependent perturbations of Hp, one
might consider a section at time r = 0 of the system in R* x S!, given by the time 1 flow

¢§(:Hl . Because of the structural stability of hyperbolic points, there is a smooth family m, of
hyperbolic points for the map ¢)1(H . Furthermore, the hyperbolicity implies the existence of a

smooth family of stable (resp. unstable) manifolds N, j (resp. NV, . ) for m;. However, as soon as
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& # 0, they might not coincide and their intersections (called homoclinic points) would form in
general a very complicated set. See the following picture.

This phenomenon, referred to as the “homoclinic entanglement”, is the sign of the chaotic
behaviour of the system near my. It is also known to be the key feature of Arnold’s diffusion (see
e.g. [3]). In order to detect the positions of the homoclinic points of m., Mel’nikov defined the
function

+o0
M (1) = / {Hy (t +5), Ho} (m(s)) ds,
—0o0

where m (s) is the trajectory on Ay under the unperturbed dynamics of Hy starting from a chosen
point m € Nj. This point plays the role of an origin on A and ¢ is a coordinate. Mel’nikov shows
that the non-degenerate zeros of M describe at first order in ¢ the position of the homoclinic
points of the perturbed hyperbolic point m,. The main feature of the expression of M is that the
only flow that one has to integrate is that of Hy, i.e., the unperturbed dynamics, which is supposed
to be well understood. On the other hand, one knows that such a time periodic perturbed system
can be rewritten as an autonomous one, through a standard procedure. Namely, one takes the
product of the initial symplectic manifold (here simply R?) with T*S!, where the S' factor
corresponds to the 7 variable. In the extended system, the hyperbolic fixed point m, becomes a
transversally hyperbolic periodic orbit y,, whose stable and unstable manifolds intersect along
trajectories homoclinic to y;.

The main goal of this article is to clarify the geometric content of Mel’nikov’s method,
which extends to higher-dimensional systems on general symplectic manifolds, for detecting
heteroclinic (and not only homoclinic) orbits linking two periodic orbits. Mel’nikov’s method
has actually two separate aspects. First, the heteroclinic orbits are in correspondence with the
zeros of a geometric object, namely the Mel nikov 1-form. Second, one tries to give this 1-form
an integral expression involving only the flow of the unperturbed dynamics. These two issues
roughly correspond to the two main sections of this paper.

The extension of Mel’nikov’s technique for detecting heteroclinic orbits linking two
transversally hyperbolic periodic orbits or tori, rather than hyperbolic points, has been considered
by many authors, e.g. [2,5-7,9,10,14]. But, they all consider dynamical systems with the common
feature that there is an explicit separation between the “longitudinal” and “transversal” variables,
corresponding respectively to the motion along the tori (or the periodic orbits) and the hyperbolic
transversal motion. It turns out that resorting to explicit coordinates has several drawbacks we
would like to point out now.
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e First of all, this assumption is unnecessary and actually goes against a satisfactory understand-
ing of the geometry underlying this method. One aim of this paper is to describe the geometric
objects involved in Mel’nikov’s method without reference to any coordinate system. In par-
ticular, as a multidimensional generalisation of the Mel nikov function, the authors introduce
a “Mel’nikov vector”, whereas the correct geometric object is rather a 1-form, as we explain
throughout this paper. The use of a 1-form is in fact very natural since Mel’nikov’s method
deals with deformations of Lagrangian submanifolds (the stable and unstable ones) and it is
well known [13] that the deformation theory of Lagrangian submanifolds is parameterised by
closed 1-forms. The Mel’nikov 1-form is thus closed and it is actually exact for geometrical
reasons explained in Section 2.2.3. We believe that this clarifies the statement “The Mel nikov
vector is a gradient” which, in the literature, seems to be true for slightly obscure reasons. In
fact, this is always true and not only in the particular models people studied.

e Second, these particular models (with a separation between the longitudinal and transversal
motions) dismiss a large class of systems. Indeed, it is well known from different studies
of completely integrable systems [4,12] that the local model near a transversally hyperbolic
invariant m-dimensional torus is not always T" x R™ x R?" (as in the above-mentioned par-
ticular models) but may be a quotient of that by a finite group. For example, in dimension 4, it
happens that the local stable and unstable manifolds of a periodic orbit are not diffeomorphic
to the cylinder but rather to the Mdbius strip.!

e Third, these particular systems are highly non-generic in the heteroclinic case. Indeed, they
have the feature that the heteroclinic manifolds link two tori with the same Diophantine prop-
erty. For example, in the case of periodic orbits (instead of tori), this means that the orbits have
the same period. Generically, the periods are different and this prevents us from difficulty in
expressing the Mel’nikov 1-form in terms of an integral over the unperturbed flow. This issue
is treated in Section 2.3.4.

The general tool we will rely on is the intersection theory for pairs (N o N'E_) of Lagrangian
submanifolds which coincide for ¢ = 0 and which are constrained to live in an auxiliary
submanifold /\fsﬂE C P, for all ¢. Indeed, stable and unstable manifolds of transversally
hyperbolic periodic orbits are Lagrangian and confined at least in an energy level {H, = cst}.
For this particular intersection theory, one has to introduce a suitable “transversality” condition
at ¢ = 0 (roughly speaking, a condition on the variations “dﬁ/—;”) in order to insure transversality
of Nt and N in P, for ¢ # 0, since the usual transversality hypothesis is obviously not
fulfilled at ¢ = 0. This theory, which actually applies to any pair of Lagrangian submanifolds
regardless of their stable/unstable feature, is developed in Section 1. It is shown that investigating
the intersections of AV and AV for ¢ # 0 amounts to looking for the “non-degenerate” zeros
of a I-form B defined on A" = N, which we call the Mel’nikov I-form despite this name
takes on its full meaning only when A" and N~ are the stable and unstable manifolds of two
transversally hyperbolic periodic orbits ysi. In that case, the intersections of N~ and N are
thus heteroclinic points between y," and y,~, or homoclinic points in the case where there is only
one periodic orbit y," = y, .

This is the topic of Section 2, where we apply the theory developed in Section 1 to
this heteroclinic’/homoclinic situation. We will focus on the following questions. When the
unperturbed Hamiltonian Hy is completely integrable (this is automatic for 2-dimensional
systems), i.e., admits a momentum map A = (Ay, ..., Ag), then one can compute the Mel nikov

I'gee [4] for a precise description of such systems. See also the end of Section 2.1.1 for a picture of this situation.
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1-form B through the evaluations j (X A j). This shows in particular that in the near-integrable
case, the splitting of the stable and unstable manifolds is completely described by the integrals
of motion of the unperturbed Hamiltonian Hy. Beside this, it turns out that the functions 8 (X Aj)
have an integral expression involving only the flow of Hy. Unfortunately, these integrals do not
converge in general. Then, we discuss what the different solutions to this convergence problem
are, namely either assuming that the perturbation H, — Hy is critical on both orbits yoi or choosing
the A;’s critical on yoi. The latter works perfectly in the homoclinic situation, but we explain
that in the heteroclinic one, there are usually not enough independent such A ;’s for determining
the Mel’nikov 1-form. We show however that there is a special case (to which the time-periodic
systems belong) for which there are precisely enough A;’s critical on )/OlL for computing .
This question is usually ignored in the literature since the authors consider either the homoclinic
situation or periodically forced systems.

1. Intersections of families of Lagrangian submanifolds

We forget for the moment the heteroclinic theory of transversally hyperbolic orbits and
we begin with the intersection theory for some families of compact submanifolds /\/gﬂE in a
given manifold M. All the manifolds under consideration are smooth. Also, we assume that
the families depend smoothly on the deformation parameter ¢, in the sense that the union
U, W x {}) is a smooth submanifold of M x R. From now on, both these smoothness
conditions will always be implicitly assumed.

It is well known that whenever ./\/0+ and NO_ intersect transversally at some point m, i.e.,
Tm/\/'o+ @® T,y Ny = T, M, then in a neighbourhood of m, the intersection N0+ NN, isasmooth
submanifold of dimension equal to dim A" + dim N — dim M. Moreover, N;F N N is a
smooth family of submanifolds of M, for small enough ¢.

Ne N

As mentioned in the introduction, we need to consider the situation where N~ and N
are deformations of the same Ny. Such families are obviously not transverse for &€ = 0, but a
suitable transversality condition on the “first derivatives %Ngi” can be introduced to describe
the intersection ./\/'s“‘ NN, for ¢ # 0. This issue is addressed in Section 1.1.

On the other hand, if we know a priori that N~ and A are constrained to live in an
intermediate submanifold P,, the smoothness of the intersection N;" N N~ can be insured by
an “infinitesimal transversality” condition in Pp. This is precisely the case for the Mel’nikov
situation where the families under consideration are included in a level set of the Hamiltonian
function H,. This question is considered in Section 1.2.

Finally, in the symplectic framework, the intersection theory for Lagrangian submanifolds is
somewhat simpler and it is well described by the Mel’nikov 1-form, a differential form on N,
as we discuss in Section 1.3.

1.1. Infinitesimally transverse intersections

1.1.1. Generating flows for families of submanifolds
First, we need to parameterise the families of submanifolds with families of diffeomorphisms
in the following way.
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Definition 1. Let N; C M be a family of compact submanifolds. A (time-dependent) vector
field X, is said to generate N\ if its flow q)f(g satisfies ¢§(€ (M) = N and if X is not tangent
to My whenever it is non-zero, i.e.,

Xo (m) € TyNo = Xo (m) = 0.
We will also say that the flow ¢§(S generates N;.

Notice that in general it is impossible to a choose a time-independent vector field to generate
a given family N;, whereas there always exists a time-dependent one, as the next lemma shows.

Lemma 2. Let N; C M be a family of compact submanifolds. Then there exists a vector
field X, generating N;. Moreover, when one is given two deformations ./\/gjt of the same
M = ./\/'6" = N, then there exist generating vector fields X;t such that X(')" — X, is not
tangent to Ny whenever it is non-zero.

Proof. The Tubular Neighbourhood Theorem says that there is a neighborhood O C M of N,
a vector bundle E over N, a neighborhood O C E of the zero-section and a diffeomorphism
x : © — O which sends N to the zero-section. One can assume @ and O are compact. For
small enough &, the submanifolds AV lie in O. Through the map x, one obtains families of
submanifolds \: =y (./V'si) C O close to the zero-section, hence they are graphs of sections
of E. Therefore, there exist particular vector fields Y, '+ generating N, '~ namely those associated
with vertical translations. These vector fields are vertical and thus not tangent to N whenever
they do not vanish. The same is true for the difference ¥;” — ¥;~. Now, define X = ¥, with
f € C§° (E) asmooth function with support in O and equal to 1 in a (smaller) neighborhood of

the zero-section. By construction, for small enough ¢, the vector fields X;t = X 1 ()?;t) on M

generate V- in the sense of Definition 1. [

In all the following, we will always choose implicitly generating vector fields with the
property of Lemma 2. For a given family M, the choice of a generating vector field is of course
not unique, but different choices are related as follows.

Lemma 3. Let N C M be a family of compact submanifolds. If two vector fields X, and Y,
generate N, then the difference X, — Y, is tangent to N for all ¢.

Proof. Denote by ¢° (resp. ¢°) the flow of X, (resp. Y¢). The vector field of the flow (@)~ is
equal to —(¢° )*_1 (X¢) and therefore, the composition ¢ = (¢° y“lo ¢f is the flow of the vector
field (¢°); ' (=X, + Y,). On the other hand, ¥¢ obviously sends Ay to itself and its vector field
is thus tangent to Np. This implies that X, — Y, is tangent to ¢® (Ny) = N, foralle. O

1.1.2. Infinitesimal transversality

From now on, we consider two families AV, and N~ which are deformations of the same
submanifold Ny := N()“L = N, . Let us now introduce the suitable transversality condition to
describe the intersections of AVt and N .

Definition 4. Let ./\fgi C M be two families of compact submanifolds generated by vector fields
XE. We say that a point m € N is an infinitesimal intersection of \;" and N if X = X,
atm.
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Lemma 5. The notion of “infinitesimal intersection” is well-defined, i.e., independent of the
choice of X*.

Proof. Let X (resp. X, ) be a vector field generating N (resp. NV;7) and let m € A be a
point where XJ = X, . Suppose we have a second vector field X/ (resp. X ) generating \V;F
(resp. V7). According to Lemma 3, the differences X(‘)Ir - )23’ and X, — X o are tangent to Ny

and therefore so is Xar - Xy — (Xar — f(a) Now, if XO+ - X, vanishes at m, then )}ar — f(a
must be tangent to V. This is a contradiction and therefore 5(8’ — f(o_ vanishes at m too. [

Definition 6. Let X be vector fields generating N and let m € A be an infinitesimal
intersection of NV and V;~. We define the linear operator D, X TuNo — T,nM by

D, x: )= V. x¢ - x5]
m
where Y € I' (T M) is any extension to M of .Y, with ¢ : My <> M the inclusion map.

Lemma 7. The operator Dm’Xg is well-defined, i.e., independent of the choice of the

extension Y.

Proof. Let Y € T,, Ny be a vector. If Y and Y’ are two extensions of 1Y, then the difference

Y’ — Y vanishes at m and we have [17’ — 17, X(J)r — Xa] = 0 since XO+ — X, also vanishes at
m

m. The definition of D, pes is thus independent of the choice of the extension Y. O

Notice that despite the operator D,, X depends on the choice of the generating vector fields

X ;t, the following notion does not.

Definition 8. Let = be families of compact submanifolds. An infinitesimal intersection m €
Ny is called a transverse whenever the space img D, xE is transverse to T,, Ny in T,, M, with

X ;t any generating vector fields.

Lemma 9. The previous notion of transversality is well-defined, i.e., independent of the choice
of the vector fields generating ./\/;i.

Proof. Suppose we have two pairs of vector fields X;t and X;‘E generating N, Ei The operators
D, xE and D, X are then simply related by

_ 5ot v— (v _ -
D, x+¥ = Dy ¥ + 7. X5 = X5 = (%5 - X5)] -

According to Lemma 3, both differences X g -X g and X, — X o aretangent to Ny and therefore
SO is Xg' X, — (}N(ar — )Nfo_) Since ij(oi (Y) and Dm,xgt (Y) are independent of the choice of
the extension Y, we can choose it to be tangent to Ny. Therefore, the Lie bracket is also tangent
to Np. This implies that img D, x+ is transverse to T,, N iff img D, i is. O

We give now an equivalent and convenient criterion for the infinitesimal transversality.
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Lemma 10. Let N gi be families of compact submanifolds. There exist generating vector fields
ch such that for any infinitesimal intersection m € Ny, the space img (Dm’ x(f) does not

intersect T,y Ny. For such Xsi, m is transverse iff
dim (ker D,, ) = 2dim Ay — dim M.

Proof. First, proceeding as in the proof of Lemma 2, we reduce to families of submanifolds
in a neighbourhood O of the zero-section of a vector bundle over A, and we can choose the
generating vector fields to be vertical translations. Moreover, if for the evaluation D,, e (Y) =

[17, Xar - X, ]m we choose an extension Y which is a lift of a vector field on Ny, then
the Lie bracket is vertical. This implies that the intersection img (Dm, X(:)t) N T,,Np reduces
to {0}. For the second point, we notice that the vector spaces img (Dm’ X(?) and T, Ny are
transverse in 7, M iff the dimension of the intersection img (Dm7 X§> N TN is equal to
dim (img Dm7 Xoi) + dim T,,Nyp — dim T,, M. Since the intersection is {0}, the transversality
condition amounts to requiring that dim (img D, Xoi) + dim 7,,Ny — dim T,, M = 0. Using
then the fact that dim (img D, xf;) = dimNy — dim (ker D, xf;)’ we obtain the claimed
expression. [

We now state the theorem which shows that the infinitesimal transversality is the good notion

for our problem.

Theorem 11. Let ./\/8jE C M be families of compact submanifolds. If m € Ny is a transverse
infinitesimal intersection, then near m there is a smooth family of submanifolds A, with Ay C Ny

and Ay = NF NN for small enough & # 0.

Proof. The proof consists of four arguments.

e First, applying the Tubular Neighbourhood Theorem for N, we transpose the situation to
a compact neighbourhood of the zero-section of a vector bundle E over Ny. Denote by
7w : E — N the projection and ¢ : Ay — E the inclusion map. For small enough &, the
manifolds N are the graphs of sections, denoted by o : Ny — E, with 7 o aF = I,
which satisfy ocoi = 0. Then, we choose generating vector fields X f which are vertical and

dozgi

de

constant on the fibres. In other words, we have X ;t =
tangent space.

-1
e Second, denote by NV, = (45; _) (/\/'j) and o, : Ny — E the associated family of sections.
One checks easily that V" and N, - intersect transversally at a point m iff Az and Ny do at

if we identify the fibres with their

-1
the point ((;5;,) (m). Moreover, a point m € N is a transverse infinitesimal intersection
&

1

o ¢; +

-1
whose vector field, denoted by X,, is equal to <¢§(,) (Xj - X ) For ¢ = 0, one has
&/ x

simply Xo = X — X, , which proves that the operators [., Xg — X, ] and [., Xo — 0]
coincide.

for N and NV iff it is so for Nz and Ap. Indeed, the flow generating N; is (d); ,)
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e Then, consider the fibrewise dilation by a constant number é, which is a diffeomorphism of
E and leaves the zero-section Ny invariant. This means that &, = “8—5 is still a section, and it is

smooth with respect to € even at ¢ = 0 since «g = 0. Namely, one has g = % which is

nothing but X, provided the fibres are identified with their tangent space. We denote by N
the graph of the section &, which is thus a smooth family of manifolds. Since the dilatation
is a diffeomorphism for all & # 0, then \V; and N intersect transversally for all & # 0 iff N
and Ny do. Now, we know from the general transversality theory that if Ay and N intersect
transversally at some point 7, then for small enough ¢ the intersection of A; and Ny near m
is a smooth manifold depending smoothly on ¢.

e Finally, we show that if m € N is a “transverse infinitesimal intersection” of NV and N in
the sense of Definition 8, then it is actually a transverse intersection (in the usual sense) of Ny
and Np. This can easily be deduced from the following formula

(@0)5 (Y) = 1Y + D x, Y (1
which holds for each Y € T;,Nj. To show this formula, we first use &g = ¢ )1(0 o ¢ and thus
(co), (Y) = (q&)l(o) Y. Let Yero (T E) be any extension to E of 1Y, i.e., a vector field on

*

E satisfying (,Y,, = Y,,. We have

(04, 7=7+ [ G ((#). 1)

By definition of the Lie bracket, we obtain

(0).7 =7+ [ (o). [ 0]

Let us choose Y to be a lift of a vector field on the base MNp. Since X is vertical, it follows
that the Lie bracket [f, XO] is also vertical, as well as ((i);(o)* [f, XO]. If m € Ny is an
infinitesimal intersection of A, and A, i.e., a point where & vanishes, then the vector field
X0 vanishes everywhere on the fibre above m and the flow qb;(o restricted to this fibre M, is
the identity for all ¢. Thus, at such a point m, one has fol (455(0)* [17, XO] dr = [f’, Xo]m =
Dy x, (Y) which proves the formula (1). O

1.2. Intersections with constraints

Suppose now that the two families ./\/;i are constrained to an intermediate compact
submanifold P, for all ¢, i.e., N Ei C P € M, where P, is a smooth family of submanifolds
of codimension at least 1. The submanifolds N, Ei are thus in no way transverse in M but they
may be so in P if an appropriate infinitesimal transversality condition is satisfied, as we prove
in Theorem 15. But first of all, we prove the following.

Lemma 12. Let N, f C P. C M be two families of constrained compact submanifolds. There
exist generating vector fields X ;t which generate P, in the same time.

Proof. First, let ., be a flow generating the family P, and consider the families /\N/SjE =
/N ! (./\/'Si) These families satisfy ./\~/'OjE = My and they are included in the fixed manifold P
since ¥ (Pg) = P.. Therefore, there exist generating flows for /(/;i inside Py, i.e., families of



N. Roy / Journal of Geometry and Physics 56 (2006) 2203-2229 2211

diffeomorphisms ¢ : Py — Pp, with vector fields ¥;F, such that pF (NVo) = N:F and Yy — Y,
is not tangent to Nj. Extending these flows to families of diffeomorphisms on M, we obtain
generating flows xsi of \V, gi on M with the property that xf (Po) = Po, and with vector fields
ch satisfying ZJ — Z,, not tangent to No. This implies that the families ¢§E = Yo X,si generate
N and satisfy ¢ (Pp) = P.. O

Definition 13. Let N, si C Pe C M be two families of constrained compact submanifolds. An
infinitesimal intersection m € A is called transverse in the constraint whenever img D,, xE

is transverse to T,, Ny in T, Py, i.e.,
img Dm,Xoi ® T, No = T,, Po,
with X f any generating vector fields.

To check that this notion is well-defined, one has to verify two facts. First, the image
img Dm7 X isin T, Py. Indeed, for any Y € T,, Ny we can choose an extension Y which is tangent

to both Ay and Py, hence Dm,;((:)t Y) = [17, X(T — Xo_]m lies in Py since Y and XaL — X, do.
Second, this notion of transversality is independent of the choice of the generating vector fields
X gc, as one can check easily following the proof of Lemma 9.

As before, we have an equivalent criterion for transverse infinitesimal intersections, in terms
of dim (ker D, X()i) With the help of Lemma 12, Lemma 10 transposes straightforwardly to the
context with constraint, as follows.

Lemma 14. Let ./\/’8i C Pe C M be two families of constrained compact submanifolds. There
exist generating vector fields X z‘ such that for any infinitesimal intersection m € Ny, the space

img (Dm’ Xoi) does not intersect T, No. For such Xgi, m is transverse in the constraint iff
dim (ker D,, yz) = 2dim A — dim P,

Theorem 15. Let /\/8ﬂE C Pe C M be two families of constrained compact submanifolds. If
m € Ny is a transverse infinitesimal intersection in the constraint, then in a neighbourhood of
m there is a smooth family of submanifolds A with Ay € Ny and A, = N NN for small
enough ¢ # 0.

Proof. Let us choose a flow v, generating P, and denote by Z, its associated vector field. First,
one proves that a point m € N is a transverse infinitesimal intersection of At and N in
the constraint P, iff it is a transverse infinitesimal intersection of ;! (V") and v ! (V")
in the constraint Py, where Py is understood here as the constant family Py = P,. Indeed, let
us define NF == ¢! (V). Suppose that m is a transverse infinitesimal intersection of N;"
and N in the constraint P, i.e., img D, x: @ TuNo = T, Po, where X generates N:F.

The family v, ' (V) is generated by the flow v, ! o *% - whose associated vector field X
equals (wg_l)* (—Zg + X;t) For ¢ = 0, this reduces )26: =—Zo+ Xa—L. Consequently, we have

)?ar - )?a = Xy — X, and thus D, g+ = D,, y+. Since No = Ny, we have shown that
0 >0
img Dm‘Xg: @® T,uNo = T, 'Po is equivalent to img D, i ® TuNo = T, Po.
Now, since the families ./\~/'8jE lie in the fixed submanifold Py, we can apply Theorem 11
which insures that near m there is a smooth family of submanifolds ;1,5 with /~10 C Np and
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Ay = j\~/;r N /\7{ for small enough ¢ # 0. Applying then the family of diffeomorphisms ¥, we
obtain the claimed result for the intersections of the families NX. O

1.3. Lagrangian intersections

Let us suppose now that M is endowed with a symplectic structure w and that the families of
submanifolds /\fgi are Lagrangian for all ¢.

1.3.1. Mel’nikov 1-form for pairs of Lagrangian submanifolds

Definition 16. Let /\/’8jE C M be two families of compact Lagrangian submanifolds. The
Mel’nikov 1-form 8 € 2! (\p) is defined by

Bi=1 (X5 — Xg)-0).
where ¢ : Ny = M is the inclusion map and X ;'E are any generating vector fields.

Lemma 17. The Mel’nikov 1-form is well-defined, i.e., independent of the choice of ch, and it
is a closed form, dg = 0.

Proof. First, if X;t is a second pair of generating vector fields, we know from Lemma 3 that
both differences X ar - X g and X o — X, are tangent to Ny, and therefore so is the vector field

Z=X{-X; - (f(ar — f(a) If we denote by g (resp. B) the Mel’nikov 1-form defined with

ch (resp. }?f), we have the relation 8 = ,5 + ¢* (Z_w). The second term vanishes since Z is
tangent to Ay which is Lagrangian and therefore /*3 = B.
Second, for each & the pull-back * (¢§(i) @ vanishes on N since (]5; L ot(Np) =

J\/’gjE and the manifolds J\fgjE are Lagrangian. Taking the derivative with respect to & and

*
using Cartan’s formula together with dw = 0, one obtains (* (d)?i) d(Xwa) = 0, ie.,

d (L* ( ;;)96 (X;th)) = 0. Then, for ¢ = 0 one has d (i* (Xéia))) — 0 and the difference

between the term with X and the one with X gives exactly dg = 0. O
In this symplectic context, one can conveniently reformulate the infinitesimal transversality
condition in terms of B instead of X(')|r - X,

Lemma 18. Let ./\/gjE C M be two families of compact Lagrangian submanifolds and B the
Mel’nikov I-form. A point m € Ny is an infinitesimal intersection iff B vanishes at m.

Proof. The “only if” part of the assumption is obvious. In order to the “if”” part, let us assume that
B = 0 at the point m. By definition, this means that w (XaL - X, L*Z) =0forall Z € T,,Np.
This implies that X(J)r — X, is in the w-orthogonal of T, Ny which is T,, N itself, since N
is Lagrangian. But, Xg — X, is by assumption (Lemma 2) never tangent to Np. Therefore
X5 — X, =0atm. O

Lemma 19. Let /\/’8i C M be two families of compact Lagrangian submanifolds and f

the Mel’nikov 1-form. If m € Ny is an infinitesimal intersection, then the derivative Vf :
TuNo x TuNo — R defined by

VB (r.2) =¥ (B(2)).

with Z € I' (T Np) any extension of Z, is a well-defined symmetric bilinear form.
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Proof. Indeed, by definition of the Lie derivative, one has Y (;6 (Z )) = ﬁ)? (,3 (Z )) where Y

is any extension on A of Y. Then, the Leibniz rule gives Y (,3 (Z)) = ZJ[,{,ﬂ + (ﬁ?z)_lﬂ.

The second term vanishes at the point m since 8 does. Then, applying Cartan’s formula to the
first term, we obtain

Y (,3 (z)) -7, (?Jdﬁ +d (/3 (Y))) .
The first term vanishes since g is closed. We thus have Y (ﬁ (Z)) =7 (ﬂ (17)) which is

independent of the choice of the extension Z. [

We remark that the use of the symbol V is well justified since the derivative (V) (Y, Z) is

easily shown to be equal to (V’ﬂ) (17 , Z) , where V' is any covariant derivative and Y , 7 are
m
any extensions to Ny of Y, Z. The derivative V8 is related to Dm’ X as follows.

Lemma 20. Let ./\/'si C M be two families of compact Lagrangian submanifolds, Xg[ generating
vector fields and B the Mel’nikov I-form. For any infinitesimal intersection m € Ny, we have the
following relation

(VB) (Y, 2) = & (D, x (V). ixZ)
forallY,Z € T,,No.

Proof. By definition, one has (VB) (Y, Z) = Ly (,3 (Z)), with ¥ € I'(TNp) (resp. Z e
I' (TNp)) any extension of Y (resp. Z). The Leibniz rule gives Y (ﬁ (Z)) = Z.LyB +
(ﬁf Z ) 2B. The second term vanishes at the point m since 8 does and introducing the definition of
B in the first term gives ¥ (/3 (Z)) = Z.L; (7 ((X§ — X )-w)). If we choose any extension
Y’ on M of 1Y, we have Y (ﬁ (Z)) = Zu* (Ly ((X§ — Xy )-w)). Using once again the
Leibniz rule provides

v (8(2)) =z (V' X5 = Xg Lo+ (X3 = Xg)oLy).

The second term vanishes at m since Xa' — X, does and the first term is precisely
2 (D xz (N0) i @ (D, 5z (1), 7). O

This equality has the following corollary.

Lemma 21. Let ./\/gi C M be two families of compact Lagrangian submanifolds and £
the Mel’nikov I-form. There exist generating vector fields Xgi such that for any infinitesimal
intersection m € Ny, the space img (Dm X§) does not intersect T,,Ny. For such X;t, we have
the relation

ker Dm)xoi = ker Vg.
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Proof. Indeed, thanks to the relation given in Lemma 20, we see that ker Dm’ X C ker VB. The
converse inclusion ker D, xt D ker VB is proved as follows. First, the existence of generating
vector fields X gi with the announced property is proved in 10. Therefore, if (V) (Y, Z) = O for
all Z € T,, N\ then D, Xk (Y) must lie in the w-orthogonal of T, Ny, which is T, N itself. But
this is a contradiction and therefore D, X (Y) must vanish. O

1.3.2. Constrained intersections for Lagrangian submanifolds

We suppose now that our Lagrangian submanifolds /\fsi are constrained to an intermediate
submanifold P; for all ¢, as described on Section 1.2. Thanks to Lemma 21, the criterion given
in Lemma 14 transposes straightforwardly to the Lagrangian case, as follows.

Lemma 22. Let ./\/5jE C P C M be two families of constrained compact Lagrangian
submanifolds and B be the Mel’nikov I-form. Then, an infinitesimal intersection m is transverse
in the constraint iff

dim (ker VB) = codim Py.

We can actually say more than this. Indeed, since Py contains the Lagrangian manifold Np,
it must be coisotropic and the associated isotropic foliation (7}, Po)Lsatisﬁes (T,,ﬂ?o)l C TuNo
for all m € Njy. Moreover, the dimension of the isotropic foliation is exactly equal to codim Py.
This allows us to show Proposition 24 which will be easily deduced from the following lemma.

Lemma 23. Let ./\/5jE C M be two families of compact Lagrangian submanifolds and B the
Mel’nikov I-form. If Fe € C® (M) is a family of smooth functions constant on N and N7 for
all ¢, then the Hamiltonian vector field X f, is tangent to Ny and satisfies

BuXp =0
everywhere on Nj.

Proof. Let X } be vector fields generating the families ./\/gjE The Mel’nikov 1-form is related to
them by B = o* ((X{ — X, )-w). By hypothesis, there exists a family of real numbers c, such
that F; o q)‘;( L ot = cg forall &, where ¢ : Ny = M is the inclusion map. Taking the derivative

&
with respect to &, one obtains

F, de
<d—; + x= (Fg)) o @i o= d—;.

Denoting by a dot the derivatives with respect to €, one has
(Fo + ng (Fo)) ot = Cp,

since <¢;i) 0= I. The difference between the term with Xar and the one with X gives
e/ e=

simply (Xar — Xa) (Fo) ot = 0. Now, by definition of the Hamiltonian vector field X g,
the function (X§ — X, (Fo) is equal to w (Xg — X, X, ). Moreover, X, is tangent to Ny
because at each m € N, the Lagrangian space T,, Ny is included in ker (dFy),,. This implies
that w (Xar - Xy XFO) is simply B (XFO) and the result follows. O
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Proposition 24. Let ./\/gjE C P C M be two families of constrained compact Lagrangian
submanifolds and B the Mel’nikov I-form. Then an infinitesimal intersection m € Ny is
transverse in the constraint iff

ker VB = (T,,Po)™.

Proof. First, there exist p smooth families of linearly independent functions Fg(l) e Fg(p ) ¢
C*® (M), where p = codim P, such that in a neighbourhood of m the manifold P is given by

the common level set P, = {m | FY m) =V, FP (m) = cép)}, where ¢!’ are families

of real numbers. Applying the preceding lemma, we obtain that X ;) is tangent to Ny and
0

satisfies ﬂJXF(j) = 0 everywhere on N, for each j = 1,..., p. Now, at each m € N the
0
vectors X £ form a basis of (TmPO)J‘. This implies that (TmPo)L C ker B everywhere on
0

Np. Therefore, if m is an infinitesimal intersection, then for each Z € (T,,Po)* C T,»No, one
has (VB)(Y,Z) =Y (,8 (Z)) = 0 since we can choose the extension Z to be everywhere in

(T;nPo)*. For such a Z, one has B (Z) everywhere and therefore (V) (Y, Z) = O for all Y.

This shows that (TmPo)J‘ C ker V. This inclusion together with the transversality condition
dim (ker VB) = dim (7}, Py)* of Lemma 14 proves the result. O

2. The Mel’nikov 1-form

In the previous section, we developed tools for dealing with pairs /\fei of families of
Lagrangian submanifolds, with the same limit Ny = ./\/'OJr = N, and constrained for all &
to a submanifold P,. We will now use these tools to deal with the situation where N are
respectively the stable and unstable manifolds of transversally hyperbolic periodic orbits of a
given Hamiltonian on M. The Mel’nikov 1-form introduced in Definition 16 allows us to detect
the presence of intersections of Ne_ and N;“, i.e., heteroclinic orbits between the two periodic
orbits. After setting precisely the heteroclinic and homoclinic situation we will deal with, we
show that the Mel’nikov 1-form admits an integral expression whenever the Hamiltonian is
completely integrable. This integral is unfortunately not convergent in general and needs a
prescription on the way we take the limit. Nevertheless, we consider two cases in which this
integral is convergent. In particular, this encompasses the historical Mel’nikov set-up (time-
periodic perturbation of time-independent systems) which is presented as a conclusion of this

paper.
2.1. Heteroclinic and homoclinic motions

2.1.1. Stable and unstable manifolds of transversally hyperbolic orbits

Suppose the dimension of M is at least 4. Let H € C* (M) be a Hamiltonian and denote by
Xy its vector field and by ¢’ its flow. We recall here some basic facts about stable and unstable
manifolds of transversally hyperbolic periodic orbit and refer the reader to e.g. [1] for more
details.

Definition 25. A t-periodic orbit y of Xy is called (transversally) non-degenerate whenever
the eigenvalue A = 1 of the derivative map ¢] at some point m € y has multiplicity 2.
If moreover the other eigenvalues do not lie on the unit circle, y is called (transversally)
hyperbolic.
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Note that the eigenvalues of the map ¢ always come in pairs (k, AT 1) since ¢° is a symplectic
map. On the other hand, at the point m the vector X itself is obviously an eigenvector with
eigenvalue 1.

It is well known that the nondegeneracy condition implies that such a periodic orbit always
arises within an orbit-cylinder I, i.e., there is an embedding I" : st x [a,b] — M, with
H (y) € [a, b], such that for each E € [a, b], the circle yg = I" (S! x {E}) is a closed orbit of
X i and moreover [’ is transversal to the energy surfaces {m; H (m) = E}.

Furthermore, the hyperbolicity of a periodic orbit y implies the existence of the so-called
stable and unstable manifolds. The stable (resp. unstable) manifold is the set, denoted by N'*
(resp. N'7) of points m € M such that ¢’ (m) tends to the limit cycle y when t — +o0
(resp. t — +00). One is usually obliged to distinguish between the local and the global
(un)stable manifolds. Indeed, the hyperbolicity condition implies that in a neighbourhood of
y, there exist two embedded Lagrangian submanifolds ./\fljc and N, oc? called the local stable and
unstable manifolds, whose intersection is exactly y. The global stable and unstable manifolds
are then obtained from the local ones by applying the flow ¢’ for all ¢, and in general they are
injectively immersed in M in a very complicated way.

+
MOC

4‘ Nt

In the following, we will need to focus on a compact part of the stable and unstable manifolds.
For this purpose, we define the following.

Definition 26. For each T > 0, we define the compact manifold N\ }‘L = ¢TT <./\/ljE )

oc

These manifolds depend of course on the choice of the local manifolds N, fc, but they satisfy
NE C NEforall T < T/, and limp_, oo NiF = NE.

We remark that in dimension 4, the manifolds /\/lfc (and thus /\/';IE as well) may be such that
./\/lfc \ y has two connected components, say N, li and ./\/2jE , as depicted on the left hand side
below.
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In that case, \V- Ti will rather denote qﬁT </\? ) with the choice of a connected component2
j = 1or2. Also, N'* will denote one component of the (un)stable manifold rather than the full

manifold. In higher dimensions, this distinction is irrelevant since the manifolds J\/}fc \ y are
connected.

2.1.2. Heteroclinic and homoclinic motions

Let Hy € C*® (M) be a Hamiltonian which admits two hyperbolic periodic orbits yd" and
¥, » and denote by ¢! its flow. As explained in the previous section, the orbit )/0+ (resp. ¥ )
has a stable and an unstable manifold N (y,") (resp. A% (y;)). Let us focus now on the two
manifolds V'™ (y,") and N~ (y, ). Any pointm € N'F (y,7) NN~ (¥, ) is called a heteroclinic
point and its orbit 1 — ¢’ (m) is a heteroclinic orbit between y,, and y0+ , i.e., it tends to
Yy (resp. )/0+) when t — —oo (resp. t — +00). When the two periodic orbits coincide
Y = ¥, = ¥, . then any point in N () N N~ (y) is called a homoclinic point and its
orbit t — ¢’ (m) is a homoclinic orbit, i.e., it tends to yy when t — & — oo.

In general, the two manifolds N/’ (y0+ ) and V'™ ()/O_) have no reason to coincide and the set
of heteroclinic points may be very complicated.

Nevertheless, Mel’nikov’s theory deals precisely with perturbations H, of a Hamiltonian Hy
with two hyperbolic periodic orbits y0+ and y, such that the closure of the stable manifolds
N (¥5") does coincide with the closure of the unstable manifold '~ (¥, ). We introduce the
following notation.

Definition 27. We define /\/’0lL = N* (yoi). In the 4-dimensional case, N'* (yoi) denotes one
connected component of the (un)stable manifold, as explained in the previous section.

Definition 28. From now on, we focus on the following two situations:

e Heteroclinic situation. We suppose that the Hamiltonian Hy admits two hyperbolic periodic
orbits y0+ and y, . Moreover, we suppose that the closure of the stable manifold /\f0+ of

)/0+ coincides with the closure of the unstable manifold J\/'Of of y,, and we denote by

No =N =N} this heteroclinic manifold.
e Homoclinic situation. We suppose that the Hamiltonian Hp admits one hyperbolic periodic
orbit yp. Moreover, we suppose that the closures of its stable and unstable manifolds coincide,

and we denote by Ny = N = J\f this homoclinic manifold.

2 See e.g. [4] for a study of 4-dimensional completely integrable systems with transversally hyperbolic periodic orbits.
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Although in general the manifolds N0+ and N~ are immersed in M in a complicated way,

when ./\/3' and N/, coincide, then they have the following nice form.

Lemma 29. There is a time « such that ./\/'0+ L UNy, = No, where ./\/0jE . denote the manifolds
defined in Definition 26. Moreover, one has

lim N NNG, =M.

K—>+00

In the picture below, the thin lines represent Ay while the thick ones represent ./\/Oik.

Heteroclinic Homoclinic
small x "N\
largek | / A

2.2. Heteroclinic/homoclinic orbits and the Mel’nikov 1-form

2.2.1. Splitting of heteroclinic/homoclinic Lagrangian submanifolds and the Mel’nikov 1-form

Let Hy € C*° (M) be a Hamiltonian either in the heteroclinic or in the homoclinic situation
(see Definition 28) and let N&K be the corresponding manifolds for a chosen large k > 0. A
very important consequence of the hyperbolicity of the periodic orbits )/0jt is that the system
is structurally stable [8]. This means that if H, € C* (M) is a perturbation of Hy, then in a
neighbourhood of yoi there is a hyperbolic periodic orbit ¥~ of H, e-close to yoi. Moreover, the
stable and unstable manifolds of H, are eg-close to those of ygi. Actually, the smoothness of H,
with respect to & implies the smoothness of y£ and N

Restricting to a compact part as in Definition 26, we thus have two families of periodic orbits
v together with two families of manifolds J\ffx and we want to detect at first order in ¢ the
intersections ;" N N, for small & using the Mel’nikov 1-form defined in the first section.
Unfortunately, we are not strictly speaking in the Mel’nikov setting since J\/’OJ)r P and /\/’O_)K do not
coincide exactly. Nevertheless, for large « the intersection N&r N ./\/OT . tends to Np. In order to
avoid a useless complexification of the notations, we will make a slight misuse of notation by
using the Mel’nikov 1-form 8 € 2! (\) for the families N, fK , being implicitly understood that
it is defined only inside the intersection NJ N NO_, » 1.€., away from the periodic orbits yoi.

Since the system is Hamiltonian, the families N:K are included in a level set H, = cst (¢)
for each ¢ and we are thus in the constrained setting developed in Section 1.3.2. We know from
there that the transverse infinitesimal intersections of ./\/'8“‘,( and -Me_;« are slightly deformed by
the perturbation, and this shows that the Mel’nikov 1-form is the right object for detecting the
existence of some of the intersections of Nf, and N, when & % 0, i.e., heteroclinic points
between y,~ and y.t.
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2.2.2. An invariance property of the Mel’nikov 1-form

Let H. € C* (M) be a perturbation of a Hamiltonian Hy € C% (M) either in the
heteroclinic or in the homoclinic situation, and let 8 € 2! (o) be the associated Mel’nikov
1-form. Lemma 23 says that B (Xp,) = 0 everywhere on Np. This implies that the zeros of the
Mel’nikov 1-form come together with their orbit, as explained below.

Lemma 30. If m € Ny is an infinitesimal intersection, B, = 0, then each point of the orbit
(/);H (m) is so. If m is transversal in the constraint then each point of the orbit ¢§(H (m) is so.
0 0

Proof. The first point comes directly from Cartan’s formula Lx B =X Hy-dB +d (,3 (X Ho))'
The first term vanishes since f is closed and the second one vanishes thanks to Lemma 23. The
Mel’nikov 1-form is thus invariant by the flow of X g, and the first point is proved. To prove the
second one, let us choose an affine connection V such that VX g, = 0 in the neighbourhood O
of a transversal infinitesimal intersection m. This is always possible since X g, does not vanish
on Ny. We will show that Ly #, (VB) = 0 and this will prove the second point. To evaluate
LXHO (VB) (Y, Z) at a point m, we extend Y and Z to O in such a way that VY = 0and VZ = 0.
Since X y,, Y and Z are parallel vector fields, they commute with each other. This implies that

Lxy, VB Y. Z) = Lxp (VB (Y, 2)) = Lxp, (Y (B(Z))).

The Leibniz rule for the Lie derivative then gives

Ly (Y (B @) =Y ((£x,8) (D))

and this vanishes as we have shown earlier. The (2, 0)-tensor field V8 is thus invariant by the
flow of X g,. According to Proposition 24, a point m is a transversal infinitesimal intersection, iff
ker V8 is exactly the line generated by X p,. Now, since X g, and Vg are invariant by the flow
of Xy, then we have

*
—t
<¢XH0) (XHoJVﬁ)m = (XHoJVﬂ)qg(HO (m) "
This means that ker VB at m is generated by Xy, iff it is so at each point of the orbit
Py, (). O

2.2.3. Mel’nikov potentials

Lemma 31. The Mel’nikov 1-form B is exact. Any primitive, i.e., any function L € C® (Np)
with B = dL, is called a Mel’nikov potential.

Proof. We already know from Lemma 17 that f is closed. Therefore, it is exact if [ B = 0 for
cycles y generating the homology group H; (Np). Actually, we see from Definition 16 that
is a difference § = B+ — B, where the f* are closed 1-forms defined on Aj \ ySF . Now, the
manifolds A\ )/OT“ are diffeomorphic to S' x R?~! (or §! x RT for some 4-dimensional systems,
as explained at the end of Section 2.1.1). Their homology is thus generated precisely by the cycle
yoi. But these are trajectories of Hp. Therefore, one has

+

1 [ s
, Br=— fo B (Xry) © ¢, (mo) ds.
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with m( any point on yoi and t* the period of the orbit yoi. Using Lemma 23, we conclude that
fyoi B = 0 and therefore g is exact. [

Despite this apparently pleasant property, we will not use Mel’nikov potentials, for several
reasons. First of all, the object which parameterises the deformations of the Lagrangian
(stable and unstable) submanifolds is really a closed 1-form and not its primitive. Second, the
heteroclinic points are detected by the zeros of B, i.e., the critical points of a primitive L. Thus,
in any case, one has to compute the derivative of L. Third, it might happen that 8 admits a nice
integral expression, but L does not, as we explain later in Section 2.3.5.

2.3. Integral expression in the CI Case

Consider a Hamiltonian Hy € C*° (M) either in the heteroclinic or in the homoclinic situation
and let H, € C°° (M) be a perturbation. The definition of the Mel’nikov 1-form associated with
the deformed stable and unstable manifolds does actually not take into account the dynamical
character of these manifolds. But, we will now show that there is an integral expression for
the contraction 8 (X4), when A is any conserved quantity, i.e., a function on M satisfying
{A, Hy} = 0.

When such a conserved quantity A exists, the dynamical character of the system allows one
to give an integral expression for 8 (X 4), which corresponds in some special cases to the object
called the Mel’nikov function presented in the literature. Unfortunately, in the general case this
integral does not converge and one has to give a prescription to make it converge. We explain
this issue in Section 2.3.2. Nevertheless, there are two cases where the integral converges. They
are discussed in Sections 2.3.3 and 2.3.4. First, we describe the situation where the perturbation
is critical on the orbits )/0+ and y, . Finally, we consider the case when the conserved quantity
A is critical on y0+ and y,, . We notice that in order to describe completely 8, one needs to have
d Hamiltonian vector fields X4, ..., X4, tangent to Np and linearly independent. This arises
precisely when Hy is completely integrable and the A;’s are the components of a momentum
map. In Section 2.3.4, we explain how many linearly independent A ;’s critical on the orbits Vo+
and y, one can have.

2.3.1. Momentum maps in the presence of transversally hyperbolic periodic orbits
The presence of a hyperbolic periodic orbit for a Hamiltonian H implies certain properties for
its conserved quantities A, {A, H} = 0, as follows.

Proposition 32. Suppose H has a transversally hyperbolic periodic orbit y. Then, each
conserved quantity A is constant on the stable and unstable manifolds N* (), i.e.,
A (./\/+ (y)) =A (N_ ()/)) = A (y), and its vector field X 4 is tangent to N+ (y) and N~ (y).
Moreover, there is a constant ¢ (A) such that X 4 = ¢ (A) Xy at each point of y.

Proof. The commutation relation {A, H} = 0 implies that the orbits of Xy are included in
the level sets {m, A(m) = a}, a € R. In particular one has y C {m, A(m) = a} for some a.
Moreover, by definition, for each point m on the stable manifold N'* (y), one has ¢>§(H (m) =y,
when t — 4-00. Since the function A is constant on the trajectories of Xy, we must have
A(m) = Ao ¢§(H (m) and the limit t — 400 yields A m) = A (y) for each m € N7T (y),
i.e., A is constant on Nt (y). A similar argument shows that A is also constant on N~ (y).
Since N'* (y) is Lagrangian, the inclusion 7,, N'* (y) C kerdA,, at the point m € N* (y)
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is equivalent by duality to X4 € T,,N'F (y). Now, at each point m € y, the intersection
T N~ (y) N T,NT (y) is exactly T,,y and therefore X, € T,,y. Consequently, there is a
function ¢ : y — R such that one has the relation X4 = ¢ (m) Xy, at m € y. Moreover, X4 is
invariant under the flow of Xy, since {H, A} = 0 and thus Lx, X4 = 0. This implies that ¢ (m)
is independent of m. O

According to Proposition 32, if Hy admits a momentum map A = (A, ..., Ag) which is
regular on Ay \ (¥,” Uy, ), then the Hamiltonian vector fields X4, ..., X4, form a basis of
TwMNo at each point m € N \ (" Uy, ). Therefore, the Mel’nikov 1-form g € 02! (Np)
associated with any perturbation H, is fully understood whenever one is able to compute the
evaluations 8 (XAl) yees B (XAd)~

2.3.2. Integral expression with prescription

Thanks to Proposition 32, the vector field X 4 associated with any conserved quantity A is
tangent to the heteroclinic/homoclinic manifold A, and one can thus evaluate the Mel nikov

1-form B on it. This evaluation can be expressed in terms of an integral involving the first-order

perturbation H; = d(fgf . as the next theorem shows.
&=l

Theorem 33. Let Hy € C* (M) be a Hamiltonian either in the heteroclinic or in the
homoclinic situation. Let H, € C* (M) be a perturbed Hamiltonian and B € ! (No) the
associated Mel’nikov I-form. Then, for any conserved quantity A € C* (M) and any point
m € No/(yy" Uy, ), one has the following formula

d
=4 (mf)

where 7: is the period of yg and the point m € yg is given by

l”l‘fJr

+ lim {Hy, A} o ¢ (m)dt,
emp N0 —nty X Hy

d

— A )

e=0 de

BXa)m =

+
— 1 &
m; = lim ¢)XH£ ° P+ (m).

T

Proof. Fix a constant x large enough for m to belong to NJ‘ N NO_ Remember that the
Mel’nikov 1-form is given in Definition 16 by B = * ((X; — X, )-w), where X/ (resp. X;)
generates the stable (resp. unstable) manifold ./\/:;LK (resp. NV ) of the orbit ;& (resp. v,).
For the evaluation on X 4, we have to compute both terms w (X 0 X A) which are nothing but
XjE (A), ie., deA o qb;i (m) o’ . Now, by definition of X , the point ¢5 + (m) is on ./\fsi,( We
will compute an expression for A o ¢>8 + (m) (and later similarly for A o ¢8 (m)) in terms of an
integral which converges uniformly W1th respect to ¢ and then take the denvatlve For any time
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T, one has the relation
T
Ao ¢;€+ (m)=Ao ¢)T(Hs 045;3 (m) — /(; Xu, (A) qu;(Hg O¢§(€+ (m) dt,

where we have used %A o ¢§(H£ = Xp, (Ao ¢§(H£ . Now, 45;;r (m) is on the stable manifold N
and ¢)T(H o ¢§( + (m) tends to the cycle y,;¥ when T — oo. If one considers the discrete times
€ &
+
T = nt;t, with 7" the period of y,", then ¢§Té o ¢%+ (m) has a limit on y." whenn — oo and
€ &
this limit is uniform in . Indeed, ¢§(j (m) is on the stable manifold of some point m} € y,,

ie., dist (¢>T(H. (mf), ¢;T(H ol (m)) < Cge~T? for large T. Taking the maximum C over &
of the constant C, and the minimum A of the Lyapunov exponent A, one obtains

dist <¢)T(H€ (m:) , ¢?T(H€ ) ¢>§(;r (m)) < ce T

.
for all & and all T. Now, for T = nt;" one has ¢§r§ (m}) = m{ and therefore for all positive
integers n and all ¢, one has

+
dist <mj, Oy ot (m)> <2Ce ",
where T = min, t;". This shows the uniformity with respect to ¢ of the limit point m} =
+ +
lim,, s o qb;r;g o ¢§( + (m), which implies in return the uniformity of the limit of f O"Tg XH, (A) o
¢§(H ) ¢§( + (m) dt. The term X(T (A) is thus given by the expression

d l’l‘fg+

— — lim Xn, (A)o qb%Hg o ¢§{€+ (m) dt

€
e=0 de n—o0 J

d
Xg(A) = w4 (m})

e=0
If we perform a second-order Taylor expansion on H, with respect to ¢, i.e., H, = Hy + ¢ H; +
e?K, with K, depending smoothly on &, then one has

Xg, (A) =¢{A, H +¢K,}
since {Hp, A} = 0. This gives

i’H.'+

0
+ lim (Hi, A} o ¢, (m) dr,

n—o0 0

d
XJ(A) = A (m7)

e=0
for all m on j\fj,( A completely similar procedure yields the corresponding expression for
the term X (A), for all m on J\/STK, and we obtain the claimed expression for 8 (X4) =
XS (A) - X, (A). O

As mentioned in Section 2.2.1, this integral expression is not valid in the whole N, but rather
in ./\/'&r N N'O}; for arbitrarily large «. Indeed, one should keep in mind that the convergence of
the different limits in this expression becomes worse and worse when one let m get closer to Vo+
or ¥, . This reflects the so-called “heteroclinic entanglement” phenomenon that occurs near )/0+
and y, .

It might seem to the reader that this integral expression is not very easy to handle, but this is

unfortunately the only one available without any further assumptions. In the next two subsections
though, we consider special cases for which this expression takes a simpler form.
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2.3.3. Homoclinic case with a perturbation critical on the orbits

When the perturbation is critical on the orbits y0+ and Y - i.e.,d (H, — Hp) = 0, then both
cycles remain periodic orbits of the perturbed dynamics H, for all . This means that there is a
family of energies E, such that the family of orbits y,", included in the energy levels {H, = E.},
is actually constant, i.e., ;7 = . This would yield a simplification in the formula of Theorem 33

since the term %A (m;r) ‘ would vanish and the integral would converge without prescription
e=0

on the way to taking the limit. Of course, one could do this rather for the unstable orbit y,~, but
unfortunately it is impossible to do this simultaneously for both y;~ and y,~, except when H,
takes the same value on ;" and y, . In the heteroclinic situation, this must be an assumption

whereas in the homoclinic one this is automatic. Actually, one can obtain this result assuming

st . .. + —
0 is critical on % and Yo »@s the next theorem

only that the first-order perturbation H; =

shows.

Theorem 34. Let Hy € C*° (M) be a Hamiltonian either in the heteroclinic or in the homoclinic
situation. Let Hy € C°° (M) be a perturbed Hamiltonian such that the first-order perturbation
Hy is critical on both orbits yo+ and y, . Moreover; in the heteroclinic situation, assume that
H ()/J) = H ()/0_). Let ygi be families of periodic orbits of H included in the energy levels
{H, = E.}, with E; = H; (yoi) and let B € 2V (No) be the associated Mel’nikov 1-form. Then,
for any conserved quantity A € C*® (M) and any point m € Ny \ ()/0+ U yof), the following
formula holds:

400

B (XA)m =/ {HI,A}Oﬂb;(HO (m) dr.
—00

Proof. First of all, 8 (X4),, is given by the formula of Theorem 33. Since m} € y;" one must

+

T
have ¢§HS (mf) = m} for all &, where 7;" is the period of y,. Let us denote by ¥ € ng/\/l

the tangent to the curve m; at ¢ = 0, and let us prove that Y is tangent to y(;" . For any function
d
f €C®(M)onehas £ f (m}) .

0= Y (f) and the previous equality of curves provides

d o
V()= 5 foex, (m)

d i+
0+ d_8f°¢XHO (mg)

d +
0+ Ef"‘ﬁ;?,,g (myg)

&= e=l e=0

+ +
The first term is simply Y (f o qb;OHO), ie., (((b,r?HO) Y) f. The second one is 71 X, (f) o
*

N
¢;?H (mg) which is equal to 71X, (f),,,- And the third one is a variation of a flow whose
0

W
:/ ¢XH XH, o+ fde.
e=0 Jo )68 )

But this vanishes since by hypothesis dH; = 0 at each point of y0+ and thus Xy, = O on y0+.
Altogether, these terms give the following equation at the point m(J)r

expression is

o
Y = ¢XHO Y + 11 Xg,.
*
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n
Now, remember that (qb;(oH > at the point ma“ has the eigenvalue 1 with multiplicity 2,
0
*
whose eigenspace contains Xpg,. Decompose Y accordingly, i.e., as ¥ = Y| + Y», with

+
¢T° Y1 = Y1 and Y» in the sum of the other eigenspaces. Therefore, the component Y;
X H .

.
satisfies Y1 = Y| + 71Xy, which proves that r; = 0 and that <¢>§§H ) Y = Y. On the other
0
*

hand, differentiating the relation H, (mz‘) = E. withrespectto ¢ yields Y (Hp)+ H\ (mg' ) =E
and the hypothesis E1 = H| (yoi) implies that Y (Hp) = 0. Taken together with the fact that Y

+
is an eigenvector of (qb;(’H > with eigenvalue 1, this shows that Y is collinear to Xg,, i.e.,
0
*

tangent to V()+ . Arguing exactly in the same way, we show that Y is also the vector tangent to the

and

second orbit Y - This shows that, in the formula of Theorem 33, both terms %A (mj) 0
&=

d — .
A (me )L:O vanish.
On the other hand, the Poisson bracket {H;, A} vanishes on the orbits y0+ and y,, since dH,
does. This implies that the integral ffT {H;, A} o ¢S(Ho (m) dt converges when T — oo and one

. nr0+ ~+o00
can replace lim;,_, oo f—'”& by [0 O

2.3.4. The shrewd choice of the conserved quantity

Suppose now that the perturbation does not have any special properties. We first show
that when the conserved quantity A is critical on the periodic orbits, then the expression of
Theorem 33 simplifies as in Theorem 34. This result is proved in Theorem 35 and then, we
explain how many A’s with this property one can have.

Theorem 35. Let Hy € C°° (M) be a Hamiltonian either in the heteroclinic or in the homoclinic
situation. Let H, € C* (M) be a perturbed Hamiltonian. Let )/Ei be families of periodic
orbits of H, and let B € 2" (Ny) be the associated Mel’nikov 1-form. Then, for any point
m € No\ (yd" U Vo_) and any conserved quantity A € C* (M) which is critical on both orbits
V()+ and y, , one has the following formula

+00

B (Xa)m =/ {Hi, A}o ¢, (m)dr.

—00

Proof. We start from the expression given in Theorem 33. The vanishing of dA on 7/0+ and

Y, implies that {H], A} vanishes on y0+ and y, too. Therefore, the integral f_TT {H;, A} o

+
n 'L'O

qb;(HO (m) dr converges when T — oo and we have lim,,, o [ = fj;o . Moreover we have

—n‘:o
obviously %A (m]) L:o = 0and %A (my) L:o = 0, and this provides the claimed expression.
O

Let us now address the issue of counting how many such conserved quantities with this
property one can have. Remark that we need only d — 1 independent A ;’s in order to describe
completely S, through the evaluations (X A j), since Hy itself is a conserved quantity and we
know already from Lemma 23 that 8 (X#,) = 0.
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Proposition 36. Suppose Hy admits a momentum map regular on Ny \ ()/0+ U V()_) and define p

by
_|d — 1 in the homoclinic situation
P = 1d = 2 in the heteroclinic situation.
Then, there exist p commuting constants of the motion By, ..., B, which are critical on both y0+

and y, , and satisfy
dHo AdBy A= AdB, #00n Mo\ (v, Uy )-

Proof. First, let us define the d-dimensional vector space E C C* (M) generated by the
components (Ay, ..., Ag) of the momentum map. Proposition 32 implies that for each A € E
there is a real number ¢ (A) such that X4 — ¢* (A) Xz vanishes on the orbit yoi. Any function
A € E iscritical on yoi precisely when ¢* (A) = 0. Actually, the map A — ¢* (A) is linear with
respectto A € E. Indeed, one has X 44 = X4 + X4 which equals (cjE (A) + c* (A’)) Xy on
the orbit yoi, and similarly, for any constant A one has X, 4 = AX 4 which equals Act (A) Xy on
yoi. Moreover, this map is non-trivial. Indeed, since the X 4,, ..., X4, form a basis of the tangent
TwNp at each pointm € N\ (v, U ¥y ). the vector field X restricted to NV \ (y," Uy ) is of
the form Xy = 3", a;X4;, with a; € c” (Mo \ (v5" Uy ))- Now, since the X 4,’s commute
with each other and with X , this implies that the functions a; are constant on A \ (y0+ U Vo_)-
Therefore, X g coincides with X 4 on Np \ ()/0+ U )/O_), where A € E is givenby A = Z./ ajAj.
By continuity, they coincide on the whole . For this A, the map ¢* thus gives 1. Therefore, the
set (ci)71 (0) is a (d — 1)-dimensional hyperplane in E composed of first integrals A which are
critical on yoi. In the heteroclinic case, the hyperplanes (c‘“)_1 (0) and (c_)_1 (0) generically
do not coincide and therefore intersect along a (d — 2)-dimensional plane in £. O

Unfortunately, in the heteroclinic case, one cannot avoid that only d — 2 functions B; are
provided by Proposition 36. The systems usually presented in the literature (2-dimensional time-
periodic) are particular in this regard, because the flow of Hy has the same period on y0+ and y, .
In that case, there are indeed d — 1 functions Bj, as the next proposition shows.

Proposition 37. Suppose Hy admits a momentum map regular on Ny \ (y0+ U yo_). Assume that
the periods of y(;’_ and y, are equal, then there exist d — 1 commuting constants of the motion
By, ..., B, which are critical on both y(;" and yy , and satisfy

dHo AdBy A= AdB, #00n Mo\ (v, Uy )-
Proof. First, let 7" be the period of y;". We recall that the stable manifold A" (y,") of the
orbit y(;" is fibred by the stable manifolds N+ (m+) of all the points m™* ¢ y(;" , i.e., for each
+
meNT ()/0+), the sequence qbl;s (m) tends to a point m™ € y0+ when n — +400. Moreover,
0

+

+
the map m — m™ is smooth, i.e., the limit 7 = lim, qﬁ;]‘; acts as a projection. Of course, the
0

same holds for the unstable manifold /= ()/0_) of the orbit y, .
+
On the other hand, if A € C° (M) is any conserved quantity, then (¢>;TI‘;0) X4 = X4 for
*

all n. Therefore, X4 is tangent to N’ (m+) at a point m iff X4 vanishes at m™ and thus on
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the whole Vo+ . Now, if the periods r&’ and 7, are equal, then for each mt e Vo+ there is a point
m~ €y, such that the manifolds N'* (m*) and N~ (m™) coincide. Consequently, X 4 vanishes
at m iff it does at m~. Following the proof of Proposition 36, one builds functions B; which
are critical on y0+ and automatically on ;" too. [J

Unfortunately, the systems where the periods are equal are non-generic. We hope that the
reader will become convinced by the following example in dimension 4 (but which can easily be
adapted to higher dimensions).

Example 38. Consider the symplectic manifold M = % x R x R?, with the symplectic form

w = dp Adr +dE Adx. Let F(x,&) = &2 + cosx. Fix a small § > 0. Let G (x, &) be a
smooth function compactly supported in {x2 +£2< 8}. Assume that G = ¢ > 0 in the disc

{x2 + & 2 < %} Now, consider the Hamiltonian H € C* (M) defined by
H@,n,x,8)=n0+G(x,8)+F(x,$§).

First, H is completely integrable since it obviously Poisson-commutes with 7. One can check
that for n sufficiently small, the transversally hyperbolic periodic orbits of H are y;, , (t) =
(t,n, p,0), with p € 2w 7Z. The picture below represents a Poincaré section (1 fixed and r = 0)
of the flow of H.

§

Pl NN = SN = NS T
N N — N~ —

Then, a short calculation shows that all the periodic orbits y;, , for p # 0 have period 1 while
¥y,0 has period 1+_C In fact, this example is very general. One can work on M = T*S! x M,
with any symplectic manifold M. It is enough to choose a function F € C* (Mj) with
hyperbolic critical points linked by heteroclinic manifolds as in the picture above, and a function
G € C* (M) compactly supported around one of these critical points as above.

2.3.5. Remark on Mel’nikov potentials

We would like to conclude this section with a short remark on Mel'nikov potentials. As
mentioned in the introduction, it might happen that the Mel’'nikov 1-form B admits a nice
(convergent) integral expression whereas the Mel nikov potentials do not (although the potential
itself always exists, as shown in Section 2.2.3). Indeed, suppose that we are in the situation of
Proposition 37, i.e., the periods on y0+ and y, are equal. In that case, one has d commuting

constants of the motion Ay, ..., Ay for which g (X A j) admits the integral expression given in
Theorem 35, namely Aj, ..., Ag—1 are those given by Proposition 37 and A; = Hy. Moreover,
the associated Hamiltonian vector fields X j := X4, provide a global frame on No\ ()/OJr U yof).

Therefore, provided an origin point mg € Np \ (yo+ U Vo_) is fixed, one can parameterise’

M\ (g Uy )by (... t)) € RT > m = ¢§}1 0.0 ¢>§gd (mo). A Mel’nikov potential

3 This parameterisation is not injective, but it is surjective.
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L is well-defined up to a constant which can be fixed by setting L (o) = 0. Then, one has
1 d 1
S N
L(m) = /0 o9y x mo)ds = /O Z 1B (X;) 931, x, (m0) ds
J J J

since the flows of the X ;’s commute with each other. Inserting the integral expression of 8 and
exchanging the order of the sum ) ; and the integral J dz, one obtains

1 400
L(m)=/0 </ {Hl,ztjAj}oqﬁﬁ(Hooqbi,iXi (mg) dt) ds.
J i

—00

Now, since X g, is a symplectic vector field commuting with the X ;’s, one has simply

{HlvztjAj} o¢;(H0 = {H] O¢§(H0’thAj}'
J J

Finally, if it was possible to exchange the order of the two integrals [ ds and | dr, then we would
get

+oo 1 d
L (m) = / <_/0 &Hl O¢§(H0 °¢Sszx_,~ (mo) ds) de.
7

—00

The integration over the s variable would give

+o0
L= [ _ (Hrodk,, o~ Hiogl, om)d
Unfortunately, this integral is not convergent unless we assume that Hj is constant on the orbits
yoi (in particular this is the case when H] is critical on yoi).

2.4. Recovering the Mel’nikov function

The Mel’nikov “function” was historically introduced for studying periodically forced 2-
dimensional Hamiltonian systems. We present here the class of periodically forced system, as
a special example of the general framework we have been developing throughout this article.

Let (M, w) be a 2d-dimensional symplectic manifold and Hy € C® (M) a Hamiltonian
admitting two fixed points m(‘f and m, , which are hyperbolic in the sense that the linear map
which sends Y € ng/\/l to [)7, X Ho]m ,» for any extension Yerl (T M), has no eigenvalue

0
on the imaginary axis. This implies the existence of stable and unstable manifolds for both

points, and we suppose that the stable manifold J\/’OJr of m(J)r coincides with the unstable manifold
Nof of m,, . We suppose moreover, that Hy is completely integrable, i.e., there is a momentum
map (Aj, ..., Ag). This hypothesis is automatically true in the 2-dimensional case usually
considered. Then, we perturb the Hamiltonian into a 1-periodic time-dependent Hamiltonian
H, (t). For studying such systems, it is very convenient to consider the “extended system” on
the (2d + 2)-dimensional manifold M = M x T*S!, where the S' factor corresponds to the
t variable. This manifold is equipped with the symplectic form 7w *w + dn A dt, where 5 is the
moment variable associated with ¢ and 7 is the projection M — M. Let us denote the Poisson
brackets on M (resp. M) by {, }™ (resp. {, }).
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The perturbed Hamiltonian H, can be viewed as a function on M independent of 5. Then, we
define the extended Hamiltonian H, = H, o 7 + n and it is easy to check that the dynamics of
H, is given by the projection on M of the dynamics of H; on M.

Since the points m(j)E are fixed for Hy, they give rise to periodic orbits t — (ma—L (n, t)) for
H,, denoted by yoi, and the hyperbolicity of m(jf implies that of yoi. The stable manifold of y0+ ,
denoted by N + s nothing but the union over all s € S Uof qbgz (NO"' ) and coincides with N, v,
the unstable manifold of y,, . The pull-back to M of the momentum map provides d functions
A; = A;j o which are invariant by the flow of Hp, since {FIO, Aj}( oy = {Ho. A}, =0.

m,(n,t
Moreover, they are critical on yoi since the A;’s are critical on m(:)t, because of the hyperbolicity

of mgt. This means that we can apply Theorem 35 which says that the Mel’nikov 1-form B
evaluated on the X i ’s gives

+00

B (X0, i = [ AL ek, o0 s

Now, the flows of Hy and Hy are simply related by

O, (m (0.0) = (%, (). (1 +9)).

~

Moreover, since the A ;s are pull-backs, then {H LA j } is simply equal to {H 1), A; }m.

. (m. (n.0))
Therefore, the evaluation of 8 becomes

+oo

’3<X‘§f)(m,(n,t)) =/ {Hl (t—I—S),Aj}O(j);{HO(m)ds,

—00

which is the usual form of the so-called “Mel’nikov functions” M (¢), for a fixed point m.
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